Abstract. Let X 0 = P 1 − ({0, ∞} ∪ µ N ) / Fq, with N ∈ N * and Fq of characteristic p > 0 and containing a primitive N -th root of unity. We establish an explicit theory of the crystalline pro-unipotent fundamental groupoid of X 0 . In part I, we have computed explicitly the Frobenius, and in particular cyclotomic p-adic multiple zeta values. In part II, we use part I to understand the algebraic relations of cyclotomic p-adic multiple zeta values via explicit formulas ; this is in particular a study of the harmonic Ihara actions and the maps of comparisons between them introduced in I-2 and I-3. In II-1, we have developed the basics of algebraic theory of cyclotomic sequences of prime weighted multiple harmonic sums and adjoint cyclotomic multiple zeta values viewed as variants of those of the algebraic theory of cyclotomic multiple zeta values. In this II-2, we use part I and II-1 to show that one can read some standard algebraic relations of cyclotomic p-adic multiple zeta values via the explicit formulas and via the standard algebraic relations of sequences of multiple harmonic sums. This amounts to say that the harmonic Ihara actions and the comparison maps are compatible with algebraic relations. The two main results are two "harmonic" versions of Besser-Furusho-Jafari's theorem that p-adic multiple zeta values satisfy the regularized double shuffle relations. This gives two different answers to what we could call "the adjoint variant" of a question of Deligne and Goncharov about reading the quasi-shuffle relation of p-adic multiple zeta values via explicit formulas.
1. Introduction 1.1. This is the second part of an explicit study of the crystalline pro-unipotent fundamental groupoid of X 0 = P 1 − ({0, ∞} ∪ µ N ) / F q , where N ∈ N * is prime to the characteristic p of F q , and F q contains a primitive N -th root of unity. In the first part, we have computed explicitly the Frobenius. In this part II, we use this computation to understand explicitly the algebraic relations between the periods associated with it : p-adic multiple zeta values (N = 1) and their "cyclotomic" generalizations (any N ). In this II-2, we show how to retrieve explicitly algebraic relations of p-adic multiple zeta values from the ones of multiple harmonic sums, using the formulas of part I, and using the part II-1 which was, from this point of view, a preliminary step.
1.2. The basics of the algebraic theory of cyclotomic multiple zeta values are recalled in II-1, §1. In this paper, we will focus in particular on double shuffle relations, which are among the standard algebraic properties of cyclotomic multiple zeta values. Let ξ ∈ Q ֒→ C be a primitive N -th root of unity, z i = ξ i for i ∈ {1, . . . , N }, z 0 = 0, and ω zi = dz z−zi for all i ∈ {0, . . . , N }. Cyclotomic multiple zeta values are complex numbers which have an expression as iterated integrals and an expression as iterated series :
( The double shuffle relations (i.e. the shuffle relation coming from iterated integrals and the quasi-shuffle relation coming from iterated series), are two ways of expressing any product ζ(w)ζ(w ′ ), for two words w, w ′ , as a Z-linear combination of cyclotomic multiple zeta values, implied respectively by their two expressions from equation (1.1). The first examples, in low weight, resp. in low depth, follow from the following facts :
The general formulas, ζ(w)ζ(w ′ ) = ζ(w x w ′ ) and ζ(w)ζ(w ′ ) = ζ(w * w ′ ), where x is the shuffle product and * is the quasi-shuffle products, follow from the natural generalization of (1.2) and (1.3) to all weights, resp. all depths. Let us consider the alphabet e Z = {e 0 , e z1 , . . . , e zN }, let us associate with each letter e zj the differential form dz z−zj , and let us view the cyclotomic multiple zeta value in (1.1) as indexed by the word e Let K = Frac(W (F q )) ⊂ Q p ; for each α ∈ N * , one has an element Φ p,α ∈ K e Z defined via the Frobenius of π un,crys 1 1.3. Let us review how we have expressed the explicit computation of the Frobenius, more specifically, the computation of ζ p,α , in part I.
The explicit formulas for cyclotomic p-adic multiple zeta values are expressed in terms of the weighted multiple harmonic sums, which are, essentially, the coefficients of the series expansion at 0 of the canonical solution to the connexion ∇ KZ on π with n ∈ N * , s d , . . . , s 1 ∈ N * and j d+1 , . . . , j 1 ∈ {1, . . . , N }. We call prime weighted multiple harmonic sums the weighted multiple harmonic sums whose upper bound n is a power of p.
We have defined three frameworks of computations, which will be formalized as operads in II-3. We denote them by DR, DR-RT and RT, where DR is a short for De Rham as usual, and RT is a short for "rational", "Rham-Taylor", and "rigid-Taylor" at the same time, and refers to computations on multiple harmonic sums viewed as p-adic numbers. The definition of these frameworks of computation is reviewed in §1.3 of II-1.
We have defined a variant K e Z har of K e Z , designed for containing the non-commutative generating series of multiple harmonic sums har n = (har n (w)) w word , n ∈ N * . It arises in three different ways, which turn out to be isomorphic to each other : ) and Map(N, K e Z RT har ). We call them harmonic Ihara actions, because of their relation with the Ihara product on π un 1 (X K , − 1 1 , 1 0 ) and because they are used to express equations involving multiple harmonic sums and to study certain sequences of multiple harmonic sums as periods.
The equations from I-2 making ζ p,α explicit are (see §2 and I-2 for the definition of each term) are :
Comparing equations (1.5) and (1.6) gave in I-2 the "comparison maps" Σ RT and Σ DR inv satisfying the following equations :
Ad Φp,α (e 1 ) And finally we proved in I-2 :
In this preliminary version of this paper, we omit the formulas from I-3, which involve the harmonic Ihara action • DR har and express how the Frobenius iterated α times (α ∈ N * ) varies in function of α viewed as a p-adic integer.
1.4. The problematic of this II-2 is to read algebraic relations of cyclotomic p-adic multiple zeta values via explicit formulas. Deligne and Goncharov have asked this question for the quasi-shuffle relation (for N = 1 and α = 1) in [DG] 
where dch(σ) defined in [DG] , §5.16 is Drinfeld's KZ associator Φ KZ , the generating series of multiple zeta values ( §1.1).
Indeed, the case of the quasi-shuffle relation is particularly significative, for the following reasons. Whereas the integral shuffle relation for p-adic multiple zeta values follows directly from their definition, the fact that p-adic multiple zeta values satisfy the quasi-shuffle relation requires a proof. However, the proof, found by Besser and Furusho [BF] and Furusho and Jafari [FJ] , is formal : it follows from formal properties of Coleman functions and does not require explicit formulas. Moreover, any explicit formula for p-adic multiple zeta values necessarily follows from the differential equation of the Frobenius, and thus necessarily involves the multiple harmonic sums of equation (1.4) and, basically, the quasi-shuffle relation is a property of multiple harmonic sums, as we can see by the discussion in §1.1. Finally, the regularized double shuffle relations imply conjecturally all existing algebraic relations among p-adic multiple zeta values. Moreover, they are both the simplest, easy to use and well-known standard family of algebraic relations among (p-adic) multiple zeta values. Thus, it makes sense to consider that the question of Deligne and Goncharov is a test for the relevance of an explicit computation. This is for us the second such test, the first was to shed light on Kaneko-Zagier's conjecture on finite multiple zeta values, solved in I-2.
We are going to consider in priority the quasi-shuffle relation, and solve the question of Deligne and Goncharov up to the passage between usual and "adjoint" p-adic multiple zeta values ; but we are also going to consider other relations.
1.5. One of the main objects studied in II-1 were adjoint (p-adic) cyclotomic multiple zeta values, namely,
Let us explain how we are going to use them here.
In part I, we have computed ζ p,α by computing actually ζ f satisfy the quasishuffle relation, then g satisfies the adjoint quasi-shuffle relation from II-1.
We will also prove a converse to this implication, and some similar results concerning other families of algebraic relations.
The second point of view relies on the explicit formula (1.7) for ζ Ad p,α in terms of har p α , which was obtained in I-2 by bringing together the formulas (1.5) and (1.6). Whereas in II-1 we have transferred algebraic relations from Ad Φp,α (e 1 ) to har p α along the map Σ DR inv , using equation (1.7), here, we are going to transfer algebraic relations in the converse way, along the map Σ RT . We will obtain :
Theorem II-2.b The map Σ RT sends solutions of the (prime harmonic) quasi-shuffle relation to solutions of the adjoint quasi-shuffle relation.
We will also strengthen the view of sequences of har p α as periods, developed in II-1 and implicit in the second point of view above, by proving that, when N = 1 or N is a prime number (N = p ′ = p) there exists a torsor Orb har q N under • DR,RT har containing the sequences prime weighted multiple harmonic sums of the form har qα (w).
In order to consider the integral shuffle equation, we will define a notion of "multiple harmonic sums with reversals" which encodes the coefficients of the power series expansions of products of hyperlogarithms, and we will generalize • RT har to multiple harmonic sums with reversals.
The Theorem II-2.a and Theorem II-2.b are two "harmonic" versions (i.e. versions involving multiple harmonic sums) of the theorem of Besser-Furusho-Jafari [BF] , [FJ] , that p-adic multiple zeta values satisfy the double shuffle relations. The Theorem II-2.b is an answer to the adjoint variant of the question of Deligne and Goncharov ; in a loose sense, this is also true for the Theorem II-2.a (since, strictly speaking, the Theorem II-2.a does not use explicit formulas, but a formula which is very close to explicit formulas).
In II-3, we will interpret our results from part I to this II-2 in terms of Galois theory of periods : we will formalize the idea that certain sequences of multiple harmonic sums are like periods, and that harmonic Ihara actions are like motivic Galois actions.
Outline. We review the harmonic Ihara action and its properties in §2. In §3 and §4 we extend our computational setting. In §3 we define the notion of "multiple harmonic sums with reversals", and we generalize some structures of part I, in particular the RT harmonic Ihara action, to multiple harmonic sums with reversals. In §4 we study a torsor for the harmonic Ihara actions from part I, and, when N = 1 or N is prime, we build and study another torsor which is adapted to prime weighted multiple harmonic sums of the form har qα (w). The main results are proved in §5 and §6 : in §5 by the properties of the harmonic torsors, and in §6 by the comparison map Σ RT . In §7 we prove independently some partial converses to the transfer of algebraic relations from ζ p,α to har p α along the maps Ad(e 1 ) and Σ We review the harmonic harmonic Ihara actions defined in part I. In all this paragraph, A is any complete topological K-algebra.
Preliminaries on π
un,crys 1 [D] , §11 and §13, π un,crys 1 (X 0 ) amounts to the data of π un,DR 1 (X K ) and the Frobenius on it, where the Frobenius is an isomorphism of groupoids with connection, between π un,DR 1 (X K ) equipped with its canonical connection ∇ KZ and a variant of it defined over X
is the base change of X by the Frobenius automorphism of W (k). We will fix α ∈ N * and will consider the Frobenius of π un,DR 1 (X K ) iterated α times. For more details on what follows, see §2 of II-1.
π
un,DR 1 (X K ). The pro-unipotent De Rham fundamental groupoid of X K is a groupoid of pro-affine schemes which admits as base points the points of X K , the non-zero tangent vectors v z at z to P 1 , and a canonical base point ω DR (the "global section" functor of the underlying Tannakian category of bundles) since
Proposition 2.1. i) For all points x, y, the scheme π un,DR 1 (X K , x, y), has a canonical point x 1 y , such that these points are compatible with the groupoid structure (for all x, y, z, ( x 1 y ).( y 1 z ) = ( x 1 z )) and induce canonical isomorphisms of schemes compatible with the groupoid structure, π un,DR 1
ii) The pro-unipotent affine group scheme π un,DR 1
where O x,eZ is the shuffle Hopf algebra over the alphabet e Z = {e 0 , e z1 , . . . , e zN }.
We work via these isomorphisms and we make all the computations using π un,DR 1
here, A can be any ring) is included functorially in the non-commutative algebra A e Z of formal power series over the variables equal to the letters of the alphabet e Z : the elements of π un,DR 1 (X K , ω DR )(A) are those satisfying the "shuffle equation". We will use the notation Π z,0 = π un,DR 1 We will use the Frobenius mostly through Φ p,α , which expresses the Frobenius on the schemes Π z,0 , z ∈ µ N (K). The Frobenius on Π z,0 is an automorphism of the scheme Π z,0 × Spec(Z) Spec(K), related to the Ihara product
For λ ∈ A, let τ (λ) : A e Z be the map which multiplies the coefficient of any word w by λ weight(w) . The Frobenius φ of Π 1,0 , iterated α ∈ N * times, is characterized by
where Φ p,α ∈ Π 1,0 (K) is the generating series of cyclotomic p-adic multiple zeta values in the sense of the introduction ( §1.2).
The harmonic Ihara action and the comparison maps.
The weight of a word over e Z is its number of letters, and its depth is its number of letters which are distinct from e 0 .
2.2.1. Generalities. The following objects were defined in I-2 and I-3. Let A be a complete topological K-algebra. We consider the topology on A e Z induced by the topology of convergence of functions {words on e Z } → A which is uniform on each {words of depth d}. Let, for z ∈ µ N (K),
| A | w word of weight s and depth d} = 0
The harmonic Ihara actions are maps :
We will not use • 
. . , −l 1 ) is polynomial and we define the coefficients B by the equality Here we use the coefficients B whose definition is reviewed in §2.2.1. wr be the set of words with reversals over e Z .
Examples 2.2. Let h
The words with reversals over e Z can be represented as
Definition 3.2. Let K e Z wr be the K-algebra of linear forms on the K-vector space generated by words with reversals, viewed as formal power series, equipped with the multiplication of formal power series.
There is a bijection between the set words over e Z whose furthest to the right letter is not e 0 and the set of words over Y Z = {y
. It can be extended to words with reversals : Then one has a surjection from the set of words e Z whose furthest to the right letter is not e 0 nor e
We will use often the notation We say that
Let W(e Z ) har,wr be the set of harmonic words with reversals.
Definition 3.5. We call multiple harmonic sums with reversals the following numbers
We also call weighted multiple harmonic sums with reversals the numbers har n (w) = n weight(w) h n (w), and prime weighted multiple harmonic sums with reversals the numbers har p α (w), α ∈ N * .
Definition 3.6. Let K e Z RT har,wr be the K-algebra of linear forms on the K-vector space generated by harmonic words with reversals, viewed as formal power series, equipped with the multiplication of formal power series. . Let W(e Z ) wr,loc be the set of localized words with reversals over e Z .
A localized word with reversals can be represented as 
We will use often the notation
Definition 3.9. Let K e Z wr,loc be the the K-algebra of linear forms on the K-vector space generated by localized words with reversals on e Z , viewed as formal power series, equipped with the multiplication of formal power series.
Localized harmonic words with reversals and localized multiple harmonic sums with reversals.
Definition 3.10. We call localized harmonic word with reversals over e Z a sequence of the form
We say that
and of depth d. Let W(e Z ) har,wr,loc be the set of localized harmonic words with reversals. Definition 3.11. We call localized multiple harmonic sums with reversals the following numbers
We also call weighted localized multiple harmonic sums with reversals the numbers har n (w) = n weight(w) h n (w), and prime weighted localized multiple harmonic sums with reversals the numbers har p α (w), α ∈ N * .
Definition 3.12. Let K e Z RT har,wr,loc be the K-algebra of linear forms on the K-vector space generated by localized harmonic words with reversals, viewed as formal power series, equipped with the multiplication of formal power series. 
words over e Z , and let n ∈ N * . We have :
Thus, in II-1, we have encountered implicitly multiple harmonic sums with reversals, when considering the scheme DMR Li = DMR har N of solutions to the double shuffle relations satisfied by multiple polylogarithms i.e. by har N : if we want to write an explicit definition of this scheme from the point of view of multiple harmonic sums, we have to consider multiple harmonic sums with reversals.
One can also write a localized version of Fact 3.13 ; it is similar but iterated integrals are replaced by a generalization of iterated integrals whose definition involves not only the operators
3.4. Prime weighted multiple harmonic sums with reversals. This will be used in the next paragraphs : Proposition 3.14. We have, for all localized harmonic words with reversals :
and thus, for any s
Thus, the notion of multiple harmonic sums with reversals is really new only for upper bounds n which are not powers of prime numbers.
3.5. The RT harmonic Ihara action • RT har (I-2) extended to words with reversals. As in I-2 for • RT har , the construction of • RT har,wr proceeds in two steps. We will build a "localized RT harmonic Ihara action with reversals" and then a map of "elimination of the localization with reversals". We leave the details of the proofs to the reader, since the proofs are similar to those of I-2. The explicit formulas for the maps will appear in the next version of this paper. Below, the subscript Σ refers to a condition on bounds of valuations and (K e Z RT har ) Σ is defined in I-2. Let α ∈ N * . Proof. Similar to the construction of the map iter RT har of RT harmonic iteration (or "elevation" to a certain power α α0 ) of the Frobenius from I-3, or, alternatively, directly follows from I-3 and Proposition 3.14.
Proposition

Torsors for the harmonic Ihara actions
We show certain properties of the torsor Orb har N for • DR − RT har containing har N , and we show that, in the case of P 1 − {0, 1, ∞} and of ) be the subset of elements h = (h n ) n∈N such that the maps n ∈ N * → h n (w), for w of any depth, are linearly independent over the ring A † (Z p ) of overconvergent functions of (n ∈)Z p .
We have the following result ; the i) below is a reformulation of a result of Ünver : independent over the ring of power series with coefficients in Q p which are convergent on a closed disk around 0 of radius > |p|. Replacing, in Unver's proof, the difference operator f → (n → f (n + p) − f (n)) by the usual difference operator f → (n → f (n + 1) − f (n)), and |p| by 1, the same proof shows that the usual multiple harmonic sums n → ii) Similar to our proof in I-2, §3.5 of Proposition 4.3 : the action of an invertible (pro-unipotent) linear operator preserves conditions of linear independence. iii) follows directly Remark 4.6. The Proposition 4.5 gives another way to prove that the equations (1.5) and (1.6) are equivalent and to arrive at the definition of the map Σ RT , which we did by a more direct method in I-2.
Remark 4.7. The Proposition 4.5 implies also a property of uniqueness of the map elim of elimination of the localization from I-2, §5 (which is generalized in this paper to words with reversals). Proof. By the main result of I-3, har q N belongs to this space ; by the definition of •
The torsor
DR -RT har
, the harmonic Ihara action preserves the property of belonging to this space.
Reflection of algebraic relations by • DR -RT har in the torsors
We show compatibilities between the harmonic Ihara action and the standard algebraic relations, and prove Theorem II-2.a. 5.1. The series shuffle relation. We now relate the quasi-shuffle relation for Φ 
ii) In depth (1,1), the (prime harmonic) shuffle relation for h is Let us now write the proof of Theorem II-2.a.
Proof. We write the quasi-shuffle relation forh : for all words w, w
, where * is the quasi-shuffle product, and we rewrite it in terms of g and h, through the equationh = g •
DR -RT har
h. When we encounter a product h(z ′ )h(z ′′ ), we linearize it by the quasi-shuffle relation of h, writing it as h(z ′ * z ′′ ). It remains a linear relation between the maps h(w) : n ∈ N → h n (w) ∈ Q p , with coefficients in a ring of power series of n, expressed in terms of the coefficients of g. By the bounds of valuations of g, coming from the hypothesis g ∈ AdΠ 1,0 (K) Σ (e 1 ), these power series of n are overconvergent over Z p . By the property of linear independence (Proposition 4.5), the maps w → h(w) are linearly independent over the ring of overconvergent analytic functions of n ∈ Z p . Thus, all the coefficients of the linear relation are 0. The vanishing of the coefficient of har n (∅) = 1 is the adjoint quasi-shuffle relation for Φ
We leave the statement and proof of the converse of this statement to the reader.
Other relations.
In the final version of this paper we will treat the case of other algebraic relations, using a factorization of • 
ii) In depth (1,1), we have the following property of "symmetry" of • RT har with respect to an exchange of variables : in the equation (2.2.7) of Example 2.3, (which expresses the formula for • RT har in depth 2), certain lines of the formula are unchanged, resp. multiplied by −1 when we exchange s 2 and s 1 . iii) Looking at the formulas for Σ RT in low depth (Example 2.4) and i) and ii), we see that we retrieve the adjoint quasi-shuffle relation in depth (1, 1) for Φ −1 p,α e 1 Φ p,α (written in Example 5.1). 6.2. Other relations. In the next version of this paper, we will treat the case of the symmetry equation from II-1, the shuffle relation, and the prime harmonic duality relation.
7. Reversibility of transfers of standard algebraic relations by Ad(e 1 ) and Σ
DR inv
In this section we prove, independently from the previous section, partial converse results to the transfers of standard algebraic relations along the maps Σ DR inv and Ad(e 1 ), proven in II-1. We restrict to P 1 − {0, 1, ∞} (i.e. N = 1) for simplicity.
7.1. Preliminary. The following is an extension of the Definition 1.3 of II-1 to words w whose furthest to the right letter is not necessarily different from e 0 .
Definition 7.1. Let Λ be a formal variable. For w any word on e Z , let : 
(see §3.1 of II-1 for the definition of the terms of the equations) remains true for the words of Definition 7.1.
Proof. Follows directly from the proof of Proposition 4.10 in II-1, §4.2.1.
x be the linear maps defined by ∂ e1 (∅) =∂ e1 (∅) = 0 and by, for all words w, ∂ e1 (e 1 w) = w, ∂ e1 (e 0 w) = 0, and∂ e1 (we 1 ) = w,∂ e1 (we 0 ) = 0. Let W({e 0 , e 1 }) be the set of words over the alphabet {e 0 , e 1 }, which form a linear basis of O x .
We can now state the result of reversibility. Proof. Let us prove first a) ⇔ b). First of all, b) is equivalent to saying that ∆ x (f )(f ⊗ f ) −1 commutes to ∆ x (e 1 ). Thus the equivalence between a) and b) amounts to the following statement : let u ∈ R e 0 , e 1 ⊗ R e 0 , e 1 ; u commutes to ∆ x (e 1 ) if and only if u ∈ R e 1 ⊗ R e 1 . Let us prove it. For u in R e 1 ⊗ R e 1 , we have :
Let (w, w ′ ) ∈ W({e 0 , e 1 }) × W({e 0 , e 1 }), with at least one among w, w ′ not of the form e l 1 , l ≥ 0 -we can assume that it is w -we show that
Because of the hypothesis on w, the index of nilpotence for ∂ ei is strictly smaller for ∂ e1 (w)e 1 than for w. The result then follows by induction on m + m ′ + m ′′ where m, n, m ′′ , are respectively the smallest integers satisfying :
Let us now prove b) ⇔ c). In II-1, §4, we have shown that, for all w, w ′ words, and s ∈ N * , the following formal infinite sum of words : 
Definition 7.4. We denote by Π
• Ad(e 1 ))(Π 1,0 ) and we call it the "prime harmonic Π 1,0 ".
Since all fibers of the groupoid π un,DR 1 (P 1 −{0, 1, ∞}) are isomorphic to the same scheme Π = Spec(O x,{e0,e1} ), compatibly with the groupoid structure, this definition extends to all base-points : Definition 7.5. We denote by π un,DR har P N 1
(P 1 − {0, 1, ∞})) and we call it the "prime harmonic π un,DR 1
It is a groupoid of pro-affine schemes over P 1 −{0, 1, ∞} and its tangential base-points, and is a receptacle for non-commutative generating series of sequences of prime weighted multiple harmonic sums. This makes more natural the object Q p e 0 , e 1 har defined in I-2 and I-3 and used since then. If we want to do it, we must use an explicit formula for har †p,α n . The simplest such formula is actually the one directly given by equation (8.1.1), combined to our explicit formulas for Φ p,α from I-2. The Frobenius is an automorphism of the fundamental group, and we have : Conclusion : the problem of the explicitness of the shuffle relation of Li † p,α is equivalent to the combination of the one of the explicitness of the shuffle relation for har n and the one of the shuffle relation for ζ p,α . We do not need to use the formulas for har †p,α n coming from part I which reflect that it is a locally analytic-exponential function of n ∈ N * ⊂ Z p . The explicitness of the shuffle relation for har n is clear : its solution is Euler's proof of the shuffle equation for multiple zeta values (in depth ≤ 2, and generalized nowadays to any depth) reviewed in II-1, §4.4.1 ; the explicitness of the shuffle relation for ζ p,α is partially addressed in this paper and will be addressed more completely in the final version of this paper. where the right-hand side above extended in a canonical way a function of lim ← − Z/N p u Z by a property of continuity. The inverse comp −1 A(U an 0∞ ) of comp A(U an 0∞ ) has also a simple explicit formula (this formula is a priori particular to the example of U an 0∞ ; I-1, §4.1). This makes more precise the equivalence between the problem of reading explicitly (8.2.1) and (8.2.2).
We wonder whereas the shuffle relation of har †p,α can be read via its expression as a locally analytic function on lim ← − Z/N p u Z, in a way which shows how it is related to the shuffle relation for har p α . It seems that this is possible by using the proof of Theorem I-2.b, which gives an indirect way to retrieve the local analyticity of har †p,α . When we take z = ∞ in (8.2.1), we obtain 
